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1. INTRODUCTION 
Let 3 be a linite group occurring as a Galois group over the rational 
held Q. We say D is a Q-division ring if D is a division ring which is linite 
dimensional and central over Q. A central simple Q-algebra (L/Q, f) is 
called a g-crossed product over Q if L is a Galois extension of the rationals 
Q with Galois group 9 and f: 9 x 9 + L* is a factor set. There exist 
inlinitely many non-isomorphic ‘25crossed products over Q; each, however, 
is isomorphic to a full matrix algebra M,(D) for some integer t and some 
Q-division ring D. The minimum t such that M,(D) is a Y-crossed product 
over Q for some Q-division ring D is called the index of Q-admissibility of 
9 and is denoted by a,(9). The case when a,(Y) = 1 is of particular 
interest; $9 is called Cl-admissible if this holds. Various authors have 
obtained results showing that certain groups are Q-admissible. In 
particular, it has been shown that the alternating groups A, with n d 6 are 
all Q-admissible. In this paper we show that A, is Q-admissible, and we 
verify a conjectured formula for a&A,) for “most” values of n. 
A necessary condition for a group 9 to be Q-admissible is that all Sylow 
subgroups of 23 be meta-cyclic [ 14, Theorem 4.11; it has been conjectured 
(the “Q-admissibility conjecture”) that this condition is also sufficient. 
(Recall that a group ;s”l is said to be meta-cyclic if .,&? has a normal sub- 
group JY such that both N and &Y/J’” are cyclic.) This conjecture has 
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been verified for many groups; we refer the reader to [2] for a partial list 
of relevant results. In view of these results, it seems likely that a,(%) also 
depends on the sizes of the various meta-cyclic p-subgroups of Y. To be 
more precise, for each prime p dividing the order of 9, choose a p-Sylow 
9 of 9 and a maximal meta-cyclic subgroup J$, of 9; here and throughout 
this paper maximal will always mean of largest possible order. We denote 
the order of &$, by MC,,(~). me,(g) is clearly uniquely determined even 
though, in general, dP is not even determined up to isomorphism. In [3] 
we conjecture that ~(9) = nP [P : ~$1, the product being over all primes 
p which divide the order of Y. Note that this conjecture generalizes the 
Q-admissibility conjecture. For this reason, it seems to us that the notion 
of Q-admissible should be reformulated so as to refer to groups for which 
this conjecture holds. More precisely, we make the following: 
DEFINITION. Let $9’ be a finite group occurring as a Galois group over 
Q. We say that 9 is generalized Q-udmissibZe if a,(9) = nP [P : ~$1, the 
product being over all p which divide the order of 9. 
By [3, Theorem 71, proving that 9 is generalized Q-admissible is 
equivalent to proving the existence of a Galois extension L of Q with 
Galois group $9 such that, for some factor set f: 3 x Y + L*, we have 
(L/Q, f) z M,(D), where D is a Q-division algebra and t = nP [P : J$,]. 
We will say that L strongly realizes 9 over Q when this happens. 
The generalized Q-admissibility conjecture has been verilied [3] for 
numerous groups in addition to those known to be Q-admissible. It is 
interesting to note that in all cases but one the construction showing that 
a particular group 9 is generalized Q-admissible also shows that there 
exists an infinite family of pairwise disjoint lields strongly realizing 9 over 
Q. The one exception to this is a recently discovered example due to 
Walter Feit showing that A, is Q-admissible. (A complete discussion of this 
example appears in [4]; a brief description of the relevant results also 
appears in Section 4.) We will say that 9 is generalized Q-admissible 
injkitely often if there exists an infinite family of pairwise disjoint lields 
strongly realizing 59 over UJ. 
With these delinitions the following is a slightly stronger reformulation 
of the conjecture made in [3]: 
The Generalized Q-Admissibility Conjecture. Every tinite group 
occurring as a Galois group over Q is generalized Q-admissible inlinitely 
often. 
It has been shown that A, [14, Theorem 281, A, [6, Corollary 2.21, and 
A, [7, Theorem 1] are Q-admissible intinitely often. In view of these results 
we will consider only alternating groups A,,, where n >, 6. A, and A, have 
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meta-cyclic Sylow subgroups, but for n 2 8, A, has Sylow subgroups which 
are not meta-cyclic. In particular, no A, can be Q-admissible for n > 8. We 
will prove that A, and A, are Q-admissible infinitely often, and that “most” 
A,, are generalized Q-admissible inlinitely often. 
An incorrect proof of the Q-admissibility of A, and A, appears in [S]. 
Shortly after that paper appeared, Walter Feit, as mentioned above, found 
an example demonstrating the Q-admissibility of A,. More recently, Feit 
has proved that the double covers 2A, and 2A7 are also Q-admissible; the 
Q-admissibility of A, and A, follow from this. Feit’s results will appear 
elsewhere. 
Our methods are based on some recent results of Mestre [ 111. We 
review this work in Section 2. In Section 3 we show how, using Mestre’s 
work, one can prove that A, is generalized Q-admissible infinitely often by 
exhibiting a single polynomial having certain properties. In Section 4 we 
prove that A, and A, are Q-admissible infinitely often by constructing two 
polynomials with the requisite properties. In order to prove that A, is 
generalized Q-admissible, it is necessary to know, for each prime p, the 
order of a maximal meta-cyclic p-subgroup of A,. This order is determined 
for all values of n in Section 5. We thank W. M. Kantor for several sugges- 
tions which helped us in carrying out these computations. Finally, in 
Section 6 we prove that “most” alternating groups are generalized 
Q-admissible infinitely often. 
We establish some notation that will be maintained throughout this 
paper. We denote the discriminant of a polynomial f by-d(j), and we 
denote the resultant of polynomials f and g by Res(f, g). If a, b E Q, then 
a~ b means that a = bc’ for some CE Q. If K is a held, we denote the 
algebraic closure of K by R. If p is a prime, we let vP denote the additive 
p-adic valuation on Q normalized so that vP( p) = 1. Z/pH will denote the 
field of p elements. Suppose that L is a Galois extension of Q with Galois 
group Y. For every prime q (the inlinite prime will play no role for us), L 
determines a Galois extension L, of the q-adic field Q4. We denote the 
Galois group of L, over Q4 by gq. 9Jq, the decomposition group of 9 at q, 
is a subgroup of 9, which we shall refer to as the local Galois group of Y 
at q. N will denote the set of positive integers. 
We close this section with a remark that will not be of any consequence 
in the later sections. One may wonder whether the condition of maximality 
in the definition of generalized Q-admissible is really essential. Suppose, in 
the delinition of generalized Q-admissibility, we had asked only for the 
minimal value t so that 9 = Gal(L/Q) and L c Mt(D), where D is a central 
division algebra over Q? When t = 1, that is, when we are in the case of 
ordinary Q-admissibility, it is proved in [14] that this leads to the same 
notion; a linite extension of Q is contained in some tinite-dimensional 
central division algebra over Q if and only if it is contained in one such as 
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a maximal subfield. We show now that the very same phenomenon applies 
for generalized Q-admissibility: 
~OPOSITION 0. Let D be a Q-division ring and let r E N. Suppose L is a 
sub&eld of M,(D) which is Galois over Q. Let Y = Gal(L/Q). Then 
aa < r. Moreover, a&Y) divides r if 92 is generalized Q-admissible. 
Proof Let A = M,(D), let n = \‘+?I, and let B be the centralizer of L in 
A. By [12, Corollary 7.141, B is a central simple L-algebra such that 
A @o L z M,(B). By [ 12, Theorem 32.201, B has a maximal subtield 
E which is cyclic over L and such that [B : L] = [E : L]*. Since 
n[A : O] = n*[B : Q], it follows that [A : Q] = [E : Q]‘. Let t = [E : L]. 
Then nt = r deg(D). 
Let d= (t, deg(D)). Since E/L is cyclic of degree t, there is a subtield F 
of E, FD L, with [E: F] = d. Since E splits D, the exponent of the skew- 
lieid component of DC30 F divides d [12, Theorem 28.51. It follows that 
the tensor product of DO0 F with itself d times over F is similar to F. Let 
D’ be the skewfield component of D @o . . . @o D, the tensor product taken 
d times. Then F splits D’. Since [F : Q]’ = [Mr(D’) : Q], F is a maximal 
subfield of M,(D’) [ 12, Corollary 28.101. Let A be the skewlield com- 
ponent of 0’0, L. Since F splits D’, F splits A. It follows that A has 
exponent dividing [F : L]. But A also has exponent dividing deg(D’). Since 
d divides deg(D), d.deg(D’)=deg(D) [12, Theorem 32.191. Since 
t = d[F: L], it follows that ([F: L], deg(D’)) = 1, and so A = L. Thus L 
splits D’. Since nt = r deg(D), n[F: L] = r .deg(D’). Since ([F : L], 
deg(D’)) = 1, [F: L] divides r. Let r = u[F: L] so n = u .deg(D’). By 
[ 12, Corollary 28.101, L is a maximal subfield of MJD’). But then 
uaa,(%) and so raua,(%), as was to be shown. 
Finally, suppose ‘% is generalized Q-admissible. Then a&%) = 
~~~/I$, me,(g). Since u divides r, we may assume that L is a maximal 
subtield of M,(D). L must then split D. Let p be a prime, and let 
deg(D)= p”m, where (p, m) = 1. Since exp(D)= deg(D), there exists a 
prime q # p such that the local index of D at q is divisible by p” 
[ 12, 32.131. Since L splits D, the local Galois group %,, of L at q has order 
divisible by p” [ 12, Theorem 32.151. But gq is meta-cyclic since q # p [ 16, 
3-5-3, 3-6-41, and so pad me,(g). Since this holds for each prime p, it 
follows that deg(D) divides l& me,(Y). Let k . deg(D) = nP me,(Y). Then 
lgl= [L : 01 = r .deg(D) so k .a&%) = k 1%1/I&, me,(S) = r, proving that 
a,(9) divides r if 9 is generalized Q-admissible. 1 
2. SOME RESULTS OF MESTRE 
Most of our results will rely on some recent of Mestre [ 111. We 
summarize below the relevant results needed. 
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Let n be an odd integer >3 and let T,, . . . . T, be independent 
transcendentals over Q. Let A = Z [ T, , . . . . T,,], and let K be the quotient 
field of A. Set 
p = p( T, , . . . . Tn,X)=Y+T,Xn-‘+ ... +T,eA[X]. 
Mestre proves that there is a unique (up to sign) primitive (in A [Xl) 
separable polynomial h = l?( Tl , . . . . T,,, X) E A [X] of degree n - 1 satisfying 
the equation 
All other solutions are obtained by multiplying l? by an element of A [X]. 
It is also shown that there exists a unique primitive separable polynomial 
& = &T, , . . . . T,,, X) E A [X] of degree n - 1 satisfying the equation 
& is relatively prime to k (and hence also to p). Now let T be a 
new indeterminate and set &T, X) = p(X) - T&X) E A [ T] [Xl]. Mestre 
proves that A(f(T, X)) = A(P) g(T)2, where s(T) E A[ T] has degree n - 1 
and has simple roots. 
Now suppose that P(X) = X” + piX’-’ + ... + p,, is a manic separable 
polynomial in Q [Xl. The specialization of K into Q sending T, to pi 
extends to a map from K[X] to Cl?[X] and from K[T] to Q[T]. We 
denote the image of a polynomial o(X) (respectively, t!?(T)) under this 
map by U(X) (respectively, U(T)). With this notation p(T,, . . . . rn, X) is 
sent to P(X). Let s,(T,, . . . . T,) denote the coefficient of T”- ’ in S(T) and 
let fi(T,, . . . . T,,)=s,(T,, . . . . T,) d($(X)) Res(&X), k(X)). Mestre defines 
P(X) to be H-general provided fi( pl , . . . . p,) # 0. 
Maintaining all of the notation and assumptions above, suppose now 
that P(X) is H-general. Then P(X) Q’(X) - P’(X) Q(X) = R(X)*, S(T) has 
degree n - 1, and P(X) and R(X) are relatively prime in Cl?[cX]. Since P(X) 
is separable, P(X) and P’(X) are relatively prime, and so P(X) and Q(X) 
are also relatively prime in CP[X]. This implies that F( T, X) is absolutely 
irreducible in Q(T)[X]. We also have A(F(T, X)=d(P(X)) S(T)*. A 
consideration of the determinantal formula for d(F( T, X) shows that both 
Q(X) and R(X) have degree n- 1. Mestre shows that when P(X) is 
H-general, then F( T, X) has Galois group A,, over 6(T). It follows that 
F( T, X) has Galois group A,, (respectively, S,) over C2( T) if d(P(X)) is a 
square in Q (respectively, d(P(X)) is not a square in Q). 
In our applications of Mestre’s results we will start with some given 
P(X) E C2[X] which we will need to show is H-general. The diflkulty is that 
it is, in general, impractical to attempt to compute Q(X), R(X), S(T), and 
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H directly. However, it is often possible to prove that a given P(X) is 
H-general by working modulo some suitably chosen prime Z. The basic idea 
is the following. Assume we are given a manic separable P(X) = X” + 
pJ-I+ . . . + pn E CI[X]. We choose a prime I for which all coefhcients 
of P(X) are Z-integral and, working mod Z, we solve the linear system of 
equations determined by 
P”(X) R(X) - 2P’(X) R’(X) = 0 mod P(X). 
Suppose the set of solutions is one dimensional generated by some 
separable R(X) E Z/lZ[X] which is relatively prime to P(X). Multiplying if 
necessary by an element of Z/Ii?, we may assume that k( p,, . . . . pn, X) = 
R(X) mod Z. Working in Z//Z[X], we now solve the linear system 
P(X) Q’(X) - P’(X) Q(X) = R(X)2 
for Q(X)E Z//Z[X]. Q(X) must be relatively prime to P(X) and 
&pI, . . . . pn, X) = Q(X) mod 1. Suppose that Q(X) is separable. We set 
F( T, X) = P(X) - TQ(X) E Z/lZ[X]. 
Suppose also that d(F(T, X)=d(P(X)) F(T)*, where S(T)EZ/~Z[T] has 
degree n - 1 and has simple roots. Then S( pI, . . . . p,, T) = S(T) mod 1. It is 
now clear that fi(pI, . . . . p,,) mod 1 equals the product of the leading coef- 
ficient of S(T) with d (S( T)) Res(P(X), R(X)). Since P(X) and R(X) are 
relatively prime and S(T) has simple roots, it follows that fi( pI, . . . . p,) # 0, 
showing that P(X) is H-general. 
3. Q-ADMISSIBILITY INFINITELY OFTEN 
Our goal in this section is to show how one can prove that A, is 
generalized @admissible infmitely often by exhibiting a single polynomial 
having certain properties. We begin by noting that in proving generalized 
G-admissibility results, the only obstructions are at primes p for which the 
maximal meta-cyclic p-subgroups are all non-cyclic. As stated previously, 
maximal always means with respect to order. Recall that the order of a 
maximal meta-cyclic p-subgroup of Y is denoted mc,(9). 
PROPOSITION 1. Let L be a Galois extension of Q with Gal(L/Q) E 9. 
Then L strongly realizes Y over Q if and only zx for each prime p for which 
ail maximal (with respect to order) meta-cyclic p-subgroups of 9 are 
non-cyclic, there exist two primes q such that mc,(9) 1 [$,I. 
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Proof Assume that, for each prime p for which all maximal meta-cyclic 
p-subgroups of 9 are non-cyclic, there exist two primes q such that 
mc,(‘S) 1 [SJ. Let s be a prime for which some maximal meta-cyclic s-sub- 
group dS of 3 is cyclic, and let AS = (c-r). By the Tchebotarev density 
theorem [9, Theorem 10.41 there are intinitely many primes q such that 
MC,($) 1 igq[. The proposition now follows from [3, Corollary 81. 1 
In using Mestre’s results we will have an irreducible polynomial 
G( T, X) E Q( T)[X] and we will wish to specialize T in Q appropriately. 
We next state the precise form of Hilbert’s irreducibility theorem that we 
will need. 
LEMMA 2. Let G( T, X) be a manic irreducible polynomial in Q( T)[X]. 
Assume that we are given a finite set S of primes of Q and a finite set of 
tWles {(P,~~,NJP~S}, where mr, E Qt, and N, E k4. Then there exists 
t E Q such that G(t, X) is defined and irreducible in Q [X], and such that 
v,(t-m,)>N,for allp~,S. 
Proof This is immediate from the fact that Hilbert subsets of Q are 
dense in every p-adic topology on Q [ 10, Corollary 2.5, p. 2311. [ 
In proving the main result of this section we will need to consider 
separately the cases of n even and n odd. This is necessitated by the fact‘ 
that there are no H-general polynomials of even degree. We begin with the 
n odd case. 
THEOREM 3. Let n 2 5 be an odd integer and let S be the set of primes 
p for which all maximal (with respect to order) meta-cyclic p-subgroups of 
A,, are non-cyclic. Assume that there exists an H-general P(X) E Q [X] of 
degree n having the following properties: 
(1) A(P(X))k 1, and 
(2) for each prime p E S there are two rational primes x:j and z:) 
such that the local Galois group of P(X) at these primes has order divisible 
by mc,(AJ. 
Then A, is generalized Q-admissible infinitely often. 
Proof Let T, , . . . . T, _ i be independent transcendentals over Q. Let p 
be the specialization Q(T,, . . . . T,- I ) delined by sending Ti to the 
coefficient of X”- ’ in P(X). Let 
P=X”+T,Xnpl+ ... +T, 
and let & and I? be the unique primitive polynomials of degree n - 1 
satisfying 
Then P is sent to P(X) under p and Q is sent to a polynomial in Z[X], 
which we shall denote by Q. Set F( T, X) = P(X) - TQ(X). By the results of 
Section 2, f’(T, X) is irreducible in Q(T)[X]. Since A(P(X)) N 1, F(T, X) 
has Galois group A, over a(T). Let E denote the splitting field of F( T, X) 
over tD( T), and let G( T, X) be the manic irreducible polynomial satisfied 
by a primitive element for E over a(T). 
Suppose t E Q is such that G(t, X) is detined and irreducible in (lJ[X]. 
The valuation of CI(T) trivial on Q and having uniformizing parameter 
T- t has a unique extension to E. We denote the residue field of E under 
this extension by q,(E). q!(E) is the splitting field over Q of F’(t, X) and 
GaNvtWQl = A,. 
Suppose t, u E Q and I is a prime of Q. By Krasner’s lemma [ 13, 
Lemma 5.51 if t is close enough /-adically to u, then the splitting held of 
F(t, X) over QI equals the splitting field of F(v, X) over UZ![. In particular, 
since F(0, X) = P(X), if f equals rep (j) for some JIE S and t is taken suf- 
ficiently close /-adically to 0, then the local Galois group of F(t, X) at 7~:’ 
has order divisible by mc,(A,). By Lemma 2 there is a t E Q satisfying: 
(1) G(t, X) is detined and irreducible in UID[X], and (2) t is close enough 
Z-adically to 0 for ZE {rr:) 1 PE S, i= 1, 2) so that the splitting held of 
F(t, X) over QI equals the splitting held of P(X) over Q,. By Proposition 1 
and our assumptions on P(X) these conditions force q,(E) to strongly 
realize A, over Q. We set i?, = q,(E). 
Assume inductively that E,, i= 1, . . . . m, are pairwise disjoint extensions 
of a such that each Ei strongly realizes A, over Q. We will prove that there 
exists u E Q such that q,(E) strongly realizes A, over &p and is disjoint from 
each Ei, i= 1, . . . . m. 
Let L be the field generated by the {Ej 1 i= 1, . . . . m}. Then 
Gal(L/fJ)=A,,xAnx ... xA,, 
the product taken m times. Since F( T, X) is absolutely irreducible, F( T, X) 
is irreducible over L(T). By [lo, Proposition 3.3, p. 2361 there is a UE Q 
such that F(u, X) is irreducible in L[X]. Let M be the splitting field of 
F(u, X) over L. Then M= Lq,(E). By the Tchebotarev density theorem 
[9, Theorem 10.41 there are intinitely many primes y of Cl having as 
Frobenius automorphism a nontrivial element of Gal(M/L). Choose such 
a ~f${rc~) 1 p E S, j= 1, 2). Then y splits completely in L but not in the 
splitting field of F(u, 1). 
By Lemma 2 there is a u E UZ! satisfying: (1) G(u, X) is defined and 
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irreducible in CI[X], (2) for each p E S and each j= 1, 2, u is sufficiently 
close to 0 rrF’-adically so that the local Galois group of q,(E) at 7~:) has 
order divisible by mcJA,), and (3) II is sufficiently close to u y-adically to 
ensure that y does not split completely in q,(E). Suppose T= L n q,(E) # Q. 
Let f be the Galois closure of T over Q. Then PC q,(E). Since 
Gal(cp,(E)/Q) = A, and A, is simple, f= q,(E). But PC L so q,(E) c L. 
But y splits completely in L and not in q,(E), a contradiction. Thus cp,(E) 
has the desired properties, and so we conclude by induction that A, is 
generalized Q-admissible infinitely often. 1 
For n even the situation is slightly more complicated since there are no 
H-general polynomials of even degree. The following is an analog of 
Theorem 3 for even 12. 
THEOREM 4. Suppose n is an even integer 26, and let S be the set of 
primes p for which all maximal meta-cyclic p-subgroups of A, are non-cyclic. 
Assume that there exists an H-general P(X) E CI [X] of degree n + 1 having 
the following properties: 
(1) A(P(W) - 1, 
(2) for each prime p E S there are two rational primes rc: ’ and xf’ 
such that the local Galois group of P(X) at these primes has order divisible 
by mcp(An), and 
(3) P(X) has a root CC? in Q,for YE {7ct)Ip<n,i=1,2}. 
Then A,, is generalized Q-admissible infinitely often. 
Proof We begin by forming the polynomial F( T, X) = P(X) - TQ(X) 
exactly as in the proof of Theorem 3. Since P(X) is H-general and 
A(P(X)) - 1, F( T, X) has Galois group A,, , over Q(T). Let E denote the 
splitting field of P(T, X) over G(T). Let U be a root of F( T, X) in E, so 
Gal(E/Q(T)(U))=A,. But T= P(U)/Q(U) so CI(T, 17) = C!?(U). Let 
Y( U, X) be the manic irreducible polynomial in CI( U)[X] satisfied by a 
primitive element of E. 
As in the proof of Theorem 3 we will consider specializations 
9, : U -+ u E Q such that Y(u, X) is defined and irreducible in Q [Xl. We 
will also require that Q(U) # 0; we then have 9,(T) = P(u)/Q(u). For such 
a U, 9,(E) is Galois over C! with Gal(S,(E)/Q) = A,. 
Suppose y E { 7~:’ 1 p E S, i = 1, 2). Since T= P( U)/Q( U), by specializing 
U y-adically close to its root c(,, we can make T as close as we like y-adi- 
tally to 0. By Lemma 2 there is a u E Q satisfying: ( 1) Y( u, X) is defined and 
irreducible in C!?[X], and (2) u is close enough y-adically to ay for 
y E {7$’ 1 pES, i=l,2} so that the splitting field of F(u, X) over Q, equals 
the splitting field of P(X) over Q,. By Proposition 1 these conditions force 
9,(E) to strongly realize A, over CI. Finally, the same induction argument 
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used in the proof of Theorem 3 allows us to construct an infinite family of 
pairwise disjoint tields strongly realizing A,, over Q. 1 
4. THE Q-ADMISSIBILITY OF A, AND A, 
In view of Theorems 3 and 4, to prove the Q-admissibility of A, and A, 
inhnitely often, it is only necessary to exhibit polynomials of degrees 6 and 
7 with Galois groups respectively A, and A7 satisfying certain local condi- 
tions. We will verify that our polynomials have the required local 
behaviour at the relevant primes p by an inspection of the Newton 
diagrams at p. Our next lemma states the consequence of the theory of the 
Newton diagram that we will need. 
LEMMA 5. Let f(X) E Q[X]. Let p he a prime not dividing the order of 
the Galois group off(X) over Q. Suppose that the Newton polygon off(X) 
at p contains a segment of slope -a/b, where a, b E N and (a, b) = 1. Let u 
be the minimal positive integer with p” = 1 mod b. Then the local Galois 
group off(X) at p has order divisible by bu. 
Proof. Let K be the splitting field of f(X) over Q,. By [ 16, Proposi- 
tion 3-l-11, f(X) has a root CLE K with vJ@)= 6. It follows that the 
ramilication degree e of K over Q, is divisible by b. Let T be the inertia 
sublield of K. By assumption, K is totally and tamely ramified of degree e 
over T, and T is unramified over Q,. By [ 16, Proposition 3-4-33, K is 
obtained by adjoining to T a root of a polynomial of the form xp- rc, 
where rr is a uniformizing parameter in T. Since K/T is Galois, T contains 
a primitive e th root of unity. Thus T contains a primitive b th root of unity 
[. Since [O,(c) : CD,] = U, the result follows. i 
THEOREM 6. A, and A, are Q-admissible infinitely often. 
Proof: We will first prove that A, is Q-admissible infinitely often. We 
note that the set S detined in the statement of Theorem 3 consists of (2, 31, 
and we have mc,(A,) = 8 and mc,(A,) = 9. To apply Theorem 3, we need 
to construct an H-general polynomial P(X) E Q[X] of degree 7 having 
square discriminant and such that the order of the local Galois group of 
P(X) is divisible by 8 at two primes and is divisible by 9 at two other 
primes. The P(X) that we will construct will not have Galois group A7. 
Indeed, it will be obtained as a product of a cubic and a quartic having, 
up to squares, equal discriminants. Most of the verilication of the proper- 
ties of the cubic and the quartic will be omitted since the computations 
have been carried out by computer. 
Let b = 11 ‘23. We lirst construct a quartic g(X) with A( g(X)) - b and 
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such that the local Galois group of g(X) at 11 and 23 has order divisible 
by 8. Let Pi(X) =x’+bX. Then A(Pi(X))w b. The linear system deter- 
mined by 
P;(x) R(X) - 2Pi(X) R’(X) = 0 mod P,(X) 
has a one dimensional space of solutions generated by RI(X) = x4 - 3b/S. 
The unique solution to the system P,(X) Q’(X) - P;(X) Q(X) = R,(X)2 
is Qi(X) = -x4 - 9b/25. Let T be a new indeterminate and set 
Fl(T,X)=Pl(X)- TQI(X). Let U be a root of FI(T, X). In Q(U) we have 
FI(T, X) = (X- U) Pz( U, X)/(25U4 - 9b), where 
P2( U, X) = (25U4 + 9b) X4 - 16bUX3 - 16bU2X2 - 16bU3X+ 9b2 + 9bU‘? 
(Although we do not need it, the results of Section 2 show that F,(7’, X) 
has Galois group S5 over CJ( T) and so P2( U, X) has Galois group S, over 
a(U).) We now specialize V to b, divide out the coefficient of X4, and let 
g(X) be the resulting polynomial. We have 
9b4 + 9b 
g(x)=x4-~x3-~x2-~x+~. 
Since A(PI(X))- 6, A(FI(T, X))- b. Since the discriminant lields for 
J’i( T, X) and P2( U, X) are the same up to squares, A(g(X)) - b. Finally, by 
Lemma 5, the local Galois group of g(X) at 11 or 23 has order divisible by 
8. For future reference we note that factoring g(X) mod 61 and 79 shows 
that f = 3 at these primes. It follows that the order of the local Galois 
group at these primes is 3. 
We now wish to construct a cubic polynomial j(X) such that 
A(f(X))- b and which has ramilication degree 3 at 61 and 79. Suppose 
f(X) = X3 - u2X+ u2t, where u and t are to be determined. From Lemma 5 
we will have the appropriate local behaviour if v,(u) = 1 and v,(t) = 0 for 
rr = 61 and 79. We have A(f(X)) = 4u6 - 27u4t2 m 4~’ - 27t2. Let x = 2~ and 
y = 3t. Then A(f(X)) -x2 - 3~‘. Since we want A(f(X))- b, we want a 
solution (x, y) to x2 - 3y2 = b with v,(x) = 1 and v,J y) = 0 for 7~ = 61 and 
79. Since the rational point (16, 1) is on the curve x2 - 3y2 = b, we can 
parametrize all rational points on this curve by making the substitution 
y = t(x - 16) f 1. Solving for x one linds that 
48t2 - 6t + 16 
x= 
3t2-1 . 
The value t = 982 is the least positive solution to the simultaneous 
congruences 
48t2-6t+l6=Omod61 and 48t2 - 6t + 16 E 0 mod 79. 
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Substituting this value for t yields 
~=2.7~.61 .79/2892971 and t=2861549/(3.2892971). 
We let f(X) = X3 - u2X+ u2t for these values of u and t. 
We now let P(X) =f(X) g(X). Since d(P(X)) = d(f(X)) d(g(X)) 
Res(f(X), g(X))’ [ 1, p. 2861, A(P(X)) is a square in Q. It is also clear that 
the local Galois group of P(X) at 11 and 23 (respectively, 61 and 79) has 
order divisible by 8 (respectively, divisible by 9). We verify that P(X) is 
H-general by working mod 13, as explained in Section 2. Mod 13 one linds 
that the linear system determined by 
P”(X) R(X) - 2P’(X) R’(X) = 0 mod P(X) 
has a one dimensional space of solutions generated by 
R(X)=X6+4X5+X4+4X3+6X2+6X+4 
and R(X) is reiatively prime to P(X). We also lind that, again mod 13, the 
unique solution to the system 
P(X) Q’(X) - P’(X) Q(X) = R(X)’ mod 13 
is Q(X) = 12X6 + 9X5 + 3X4 + 8X2 + 5. Setting F( T, X) = P(X) - TQ(X), 
verify that A(F(T, A’) = S( T)’ in Z/l3Z[X], where S(T) = 
yT-4)(T2-T+2)(7’3+5T2+4T-2). Since S(T) is separable in Z,,[r], 
it follows that P(X) is H-general. By Theorem 3, A, is Q-admissible 
inlinitely often. 
We next show that A, is @admissible inlinitely often. Let {li, . . . . 14} = 
{ 11,23, 61, 79) in that order. In view of Theorem 4 we need only verify 
that P(X) has a root in Q,, for i= 1, . . . . 4. Let i be 1 or 2. Since A( g(X)) 
equals 11 .23 up to squares, the discriminant held for f(X) is CP(J%%), 
and so the ramilication degree e of the local splitting held for f(X) at 1, is 
divisible by 2. Suppose the local Galois group of f(X) at Ii has order 6. 
Since it is a subgroup of the global Galois group, this local group must be 
S3. If e = 6, then since we are in a tamely ramilied situation, the local 
splitting field is obtained by adjoining a 6th root of a uniformizing 
parameter. This implies that Q, contains a primitive 6th root of unity, a 
contradiction since li = 2 mod 3. Thus the residue degree f must be 3, and 
so the local Galois group has a normal subgroup of order 2, another 
contradiction. It follows that the local Galois group off(X) at li has order 
2 and sof(X) has a root in Q,Z. Now let i be 3 or 4. Since the local splitting 
held of g(X) is unramified of degree 3 at Ii, g(X) has a root in Q,, and so 
P(X) does. 1 
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Remark 7. We indicate briefly another proof of Theorem 6. Consider 
the polynomial 
f(X) = x6 + ix3 + tuX2 + t2u, 
where 
19.67 47.58171 .410983 
u= -- 2 and ‘= 36.157.2832 ’ 
This polynomial was discovered by Walter Feit and was used by him to 
show that A6 is @admisssible; the details are reproduced with his permis- 
sion in [4]. We will not repeat the argument showing that thisf(X) works; 
we recall from [4] that f(X) has Galois group A,, the local Galois group 
of f(X) at 47 and at 58171 contains a dihedral group of order 8, and the 
local Galois group of f(X) at 19 and 67 contains an elementary abelian 
group of order 9. Now let P(X) = If(X). W e verify that P(X) is H-general 
by working mod 13, as explained in Section 2. Mod 13 one finds that the 
linear system determined by 
P”(X) R(X) -2P’(X) R’(X) = 0 mod P(X) 
has a one dimensional space of solutions generated by 
R(X) = X6 + 6X5 + 2X4 + 6X3 + 5X2 + 2, 
and R(X) is relatively prime to P(X). We also find that, again mod 13, the 
unique solution to the system 
P(X) Q’(X) -Z”(X) Q(X) = R(X)2 mod 13 
is Q(X) = 12X6 + 7X5 + 4X4 + 2X2 +4X+ 8. Setting F( T, X) = P(X) - 
TQ(X) we verify that LI(F(T,X)=S(T)~ in Z/l3Z[X], where S(T)= 
5(T6+2T5+10T4+5T3+7T2+5T+3). Since S(T) is separable in 
Z13[T], this proves that P(X) is H-general. It is now immediate 
from Theorems 3 and 4 and the form of P(X) that A, and A, are each 
@admissible infinitely often. 
5. META-CYCLIC SUBGROUPS OF A, 
In order to verify the generalized @admissibility conjecture for A,, we 
need to know, for each prime p <n, the order mc,(A,) of a maximal meta- 
cyclic p-subgroup of A,. The main result of this section is an explicit 
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formula for mc,(A,) as a function of n and p. We begin with a preliminary 
result which provides detailed information about the structure of certain 
meta-cyclic subgroups of S,,. Throughout this section we will denote the 
support of a permutation a by supp(a). 
LEMMA 8. Let G, 7 E S, with 7 normalizing (a). 
(1) Assume that a is a p’-cycle, where p is a prime and supp(~) c 
supp(a). Zf 7 commutes with a then 7~ (a). In any case, TV’-’ E (a) ifp is 
odd and 7 has p-power order, 72rm2 e (a) ifp=2 and r>2, and T2E (a) if 
p=2 andr=2. 
(2) Let 6 he any cycle occurring in the cycle decomposition of 7. Then 
either supp(6) n supp(a) = $3 or supp(6) c supp(a). 
(3) Assume that supp(a) c supp(7), 7 is a 2”-cycle, and a is an odd 
permutation of order a power of 2. Then a is a 2”-cycle. 
(4) Suppose a and 7 are 2”‘qcles with supp(7) =supp(a). Then 
7a7-‘= ’ a” for some integer c. 
(5) Suppose a is a 2”-cycle, 7 is an odd permutation with supp(7) c 
supp(a), and 7a7 ~ ’ = ash for some integer 6. Then z is a 2”‘-cycle. 
Proof. (1) The automorphism group of (a) is cyclic of order 
pr+‘( p - 1) if p is odd and has exponent 2’-’ if p = 2 and r > 2. It follows 
that 7J’-’ centralizes a if 7 has p-power order and p is odd, and 72’m’ cen- 
tralizes a if p = 2 and r > 2. The desired conclusion now follows from [ 17, 
Proposition 4.41. 
(2) Let 7 = 67, where 6 and y are disjoint. Suppose supp(d) n 
supp(a) # a. If supp(6) $ supp(a), then we may assume that 6 = (1,2, . ..). 
where 1 E supp(a) and 2 # supp(a). Since 2 4 supp(y), 2 E sup(7a7-‘). This 
contradicts our assumption that 7 normalizes a, and so supp(b) c supp(a). 
(3) We are assuming that supp(a) c supp(7), 7 is a 2”‘-cycle, and 
a is an odd permutation of order a power of 2. Let a = aI . . . a, be the 
cycle decomposition of a. Since a is odd and has order a power of 2, t 
is odd. Since r normalizes (a), (7) acts as a permutation group on 
{supp(a,) 1 i= 1, . . . . t}. Since 7 has order 2”, each orbit has length a 
power of 2. Since t is odd, some orbit has length one, and so 7 normalizes 
<a,) for some i. By (2), supp(r)~supp(a~). Since supp(a)c supp(7) by 
assumption, supp(7) = supp(a,), and so a = aj. Thus a is a 2”kycle. 
(4) If m Q 2, then 7 commutes with a since 7 normalizes (a). Since 
a5’ = a in this case, we may assume that m > 3. Let 7a7 -’ = ai. By (l), 
72m-‘~ (a). Since 7 and a have the same order, it follows that 
72m-2 =a 12mm’, where t is odd. But then a2”lm2 = 7,‘2me’, where .Y is odd, and 
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so D”‘-’ commutes with z. We have cr2m~2=r~2”~2r~1 = gi2m-z, and so 
i= 1 mod 4. But the automorphism group of (a) is generated by the 
automorphisms sending 0 to C’ and CJ to g5, so i E f5’ mod 2” for some 
integer c. Since i- 1 mod 4, it follows that is 5’ mod 2”. 
(5) We are assuming that 0 is a 2m-cycle, z is an odd permutation of 
2-power order with supp(z) c supp(cr), and Z(TZ - ’ = cr5b for some integer b. 
If m $2, then z commutes with 0, so by (1 ), t = 0 or r = a3. In either case 
z is a 2m-cycle, and so we may assume that m >; 3. Our lirst step in proving 
that z is also a 2m-cycle is to show that there is a 2m-cycle y with 
supp(y) c supp(a) conjugating D to a+. 
We clearly may assume that CJ = (1, 2, . . . . 2”‘). Then (r5’= (1 + 5’, 
1 + 2.5’, . . . . 1 + 2”’ . 5b), where the entries are read modulo 2”. Let y be the 
permutation detined by y(j) = 1 + 57 mod 2” for 1~ j 6 2”, so yay ~’ = ~9’. 
We have 
y( 1) = 1 + 5b, y( 1 + 57 = 1 + 5b + 526, . ..) y( 1 + 5b + . . . + 57 
zl+jb+ . . +5(r+‘)b mod 2”. 
The length of the orbit of 1 under y is r + 1, where r is the least positive 
integer with 5’ + . . . + 5(‘+ ijb = 0 mod 2”. Since 5 has order 2” ~ 2 modulo 
2”, it follows that the orbit of 1 has length 2”, and so y is a 2m-cycle. 
Since y - ‘r centralizes C, y ~ ir E (o ) by (1). Thus r = yo’ for some t. 
Since y and t are odd permutations, t is even. Let jsb = 1 mod 2’. Then 
~r=r~~j. Letf(r)=(l+j)(l+j2)...(l+j2re’). Sincejis odd, 2’divides 
f(r). An easy computation shows that r2m-’ = ~2m~‘~V(M ~ ‘). Since t is even, 
T2m-’ - -Y *+’ # 1. It follows that r has order 2”, and so r is a 2m-cycle as 
claimed. 1 
Let z be the transposition (n - 1, n) E S, and let cp: SnP2 + A, be defined 
by q(a) = (T if CJ is even and q(a) = CJZ if 0 is odd. One checks easily that 
cp is a monomorphism. We will say that a subgroup H of A, comes from 
S, --2 if X G cp(S,- 2). For the purpose of the intended applications to 
generalized Q-admissibility questions, the relevant point will be whether 
there is a maximal meta-cyclic subgroup .&$, of A, which comes from Sne2. 
For completeness, however, and since the answer may be of independent 
interest, we completely determine mc,(A,) for all n and all primes p. 
THEOREM 9. Let n E N and let p be a prime. Let n = akpk + 
ak-lp ‘-I+ ... +a,, where O<a,<p for O<i<k and ak#O. Then there 
is a meta-cyclic subgroup of order mc,(A,) which comes from S,-, except 
when p is an odd prime and n = pk, pk + 1, 2pk, or 2pk + 1. Moreover, 
mc,(A,) is determined as follows: 
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(1) mc,(A,) = p2k ifp is odd and ak > 1, 
(2) mcp(4J = P *‘-I ifpisoddandak=l, 
(3) mc2(4) = 2 *k-l if k>3 and 2k+2kp1+ 1 <n, 
(4) mc*(An) = 2 2k~2ifk>3and2k+l<n<2k+2k-1+l, 
(5) mc*(Al) = 2 2kp3 ifk>3 andn<2k+l, 
(6) mc,(A,) = 8 for n = 6,7, mc,(A,) = 4 for n = 4,5, and mc,(A,) = 1 
for n < 4. 
ProojI The result for n < 8 are obtained by inspection, and so we may 
assume that n > 8. We begin by noting that there are easily obtained upper 
and lower bounds in most cases for mc,(A,). Since n < pkf ‘, S, has no 
elements of order p ‘+’ In particular, mc,(A,) < p2k. To obtain a lower . 
bound, we consider S,. Any automorphism of a cyclic group of order pk 
may be realized as an element of SPk conjugating a pk-cycle. Since the 
automorphism group of a cyclic group of order pk is cyclic of order 
pk- ‘(p - 1) if p is odd and is the direct product of a cyclic group of order 
2 with one of order 2k ~ * if p = 2, it follows that S# contains a meta-cyclic 
subgroup of order p 2k - ’ if p is odd, and one of order 22k ~ * if p = 2. When 
p is odd, we will be using only the fact that the p-subgroup of the 
automorphism group of a cyclic group of order pk has exponent pkp ‘. 
Since elements of S, of odd order are in A,, mc,(A,) > pZkpl if p is odd. 
Moreover, for p odd, there is a meta-cyclic subgroup of order p2kp ’ 
coming from S, _ 2 except possibly when n = pk or pk + 1. For p = 2 and 
n # 2k or 2k + 1, we similarly conclude that mc,(A,) > 22km2 and there is a 
meta-cyclic subgroup of order 22k ~ * coming from S, ~ 2. 
We can obtain a better upper bound for mc,(A,) if ak = 1. Suppose this 
holds and mc,(A,) = Pan. Then there are O, z E A, each of order pk with z 
normalizing (0) and (0) n (t)= { l}. Since n=pk+ukpIpkpl+ ... +a,, 
the cycle decomposition of B and z contains precisely one pk-cycle. Let gi 
(respectively, z ]) be the pk-cycle appearing in the cycle decomposition of CJ 
(respectively, r). Since n < pk + ‘, supp(t,) n supp(a,) # 0. By Lemma W!), 
supp(rr)=supp(~,), and so r, must normalize (cJ~). By Lemma8(1), 
q-1 = c{Pk-’ where j is prime to p if p is odd, and 
is odd if p=‘2. But then for any p, T~~~‘=T~~-‘=o~ 
rZkm2 = ~j’~-‘, where j 
ipk” = &A-‘, a contra- 
diction. It follows that mc,(A,) < p2k ~ ’ if ak = 1. 
Now suppose that p is odd and ak = 1. By the remarks above we must 
have mc,(A,) =pzkel, proving (2). We have already noted that there is a 
meta-cyclic subgroup of A, of order mc,(A,) coming from S, _ 2 except 
possibly when n = pk or pk + ‘. In both these cases we note that 
n-2=bkpIpk-’ + . . , and so S,- 2 does not contain any elements of 
order pk. In particular, a maximal meta-cyclic p-subgroup of A, cannot 
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come from S, ~ Z. This completes the proof of the theorem when p is odd 
and ak = 1. 
Now suppose that p is odd and ak > 1. Then A, contains disjoint cycles 
of length pk, and these generate a meta-cyclic subgroup of order p2k. Thus 
mc,(A,) = p2k in this case. These cycles may be taken to lie in SnPZ unless 
n = 2pk or 2pk + 1. In these cases n - 2 = pk + ... , and so from (2) we 
conclude that a maximal meta-cyclic p-subgroup of S, ~ 2 has order p2k ~ *. 
In particular, if n = 2pk or 2pk + 1, a maximal meta-cyclic p-subgroup 
cannot come from S, ?. This completes the proof of the theorem if p is 
odd. 
We may now assume that p = 2 and k 2 3. Since ak = 1, mc,(A,) 6 22k ~ ‘. 
We also note that because ak = 1, an element of order 2k contains a unique 
2k-cycle in its cycle decomposition. There are several cases to consider; we 
discuss each case separately. 
(3) Assume that 2k + 2kP ’ + 1 <n. Then S,, contains pairwise disjoint 
cycles 0, T, and y of lengths, respectively, 2k, 2k- ‘, and 2. Then ay and ry 
generate an abelian subgroup of A, of order 22k-‘, proving that 
mc,(A,) = 2 2k ~ ’ in this case. Moreover, there clearly is such a subgroup 
coming from S, Z. 
(4) Assume that 2k + 1 <n < 2k + 2kP ’ + 1. By the remarks at the start 
of the proof, we need only show that mc,(A,) # 22kP ‘. Assume by way of 
contradiction that A,, contains a meta-cyclic subgroup (0, r ) or order 
22k- ‘, where r normalizes (a). There are several subcases to consider. 
Since A, has no elements of order 2k+ ‘, CJ has order either 2k ~ ’ or 2k. 
Case 1. o has order 2kP’. 
Then r must have order 2k and (a) n (r ) = { 1 }. Let r, be the unique 
2k-cycle appearing in the cycle decomposition of r, and let r = r, z2, where 
ri and z2 are disjoint. Since o has order 2kP’, there is a 2k-1-cycle gi 
appearing in the cycle decomposition of O. Let o = CJ, y, where 0, and y are 
disjoint. 
Suppose 1 ( y ) 1 d 2k - *. Since r normalizes (C ), r normalizes both (cri ) 
and (y ). By Lemma 8 (2), supp(r,) n supp(a, ) = a. Since c and z are 
even, both y and z2 are non-identity elements. Since n< isupp(~i)/ + 
lsupp(ri)i + 1, it follows from Lemma 8 (2) that supp(y) c supp(z,). Since 
z normalizes (r ), it follows that ri normalizes ( y ). But y is an odd 
permutation of 2-power order, and so by Lemma 8 (3), y must be a 
2k-cycle, a contradiction. It follows that y has order 2k-‘, and so there is 
a 2kP l-cycle c2 appearing in the cycle decomposition of y. 
Since n<2k+2kP’ + 1 and CJ is even, there is not room for the cycle 
decomposition of D to contain three 2kP ‘-cycles. This implies that 
O=Cllg2C73, where c3 is an even permutation of order less than 2kP1 
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disjoint from G, rr2. Since n < 2k+ ‘, supp(z,) n (suPP~~~~~)) # 0. Since z 
normalizes(~~~~),supp(~~)=supp(~,~~),andso~~normalizes(~,~~).By 
Lemma 8(2), pi does not normalize (0,). It follows that r,cir;’ = 0; and 
r,~~r;‘=ai. Then zf normalizes each of (r~,) and (az). By Lemma S(2), 
the support of any cycle appearing in rf is either disjoint from supp(o, ) or 
is a subset of supp(a,). It follows that we can write r: in the form 6,6,, 
where supp(bi) = supp(a,), i = 1,2. It foll ows that 6; normalizes (a,) for 
i = 1, 2. By Lemma 8 (1) 6fkm3 E (a,), and so 6fk-’ is the unique element of 
order two in (ai) for i= 1,2. Thus bfkm’=afkm2, and so r2km’ =&‘, a 
contradiction. Thus Case 1 cannot occur. 
Case 2. c has order 2k. 
Let c~i be the unique 2k-cycle appearing in the cycle decomposition of (T, 
and let r~= O,U~ where cr, and o2 are disjoint. Then z normalizes (o,), 
i= 1,2. Since z has order either 2k or 2kP ‘, there are two subcases to 
consider. 
Case 2a. r has order 2k. 
Let r=rlr2, where T, and z2 are disjoint and r1 is the unique 2k-cycle 
appearing in the cycle decomposition of r. Since n < 2k+ ‘, supp(t,) = 
supp(o ,) by Lemma 8 (2). Since supp(z,) n supp(a,) = 0, z, normalizes 
(pi). By Lemma8(4), ~,~,~;l=cT~forsomeinteger!x 
Suppose 1 (cT~)/ = 2k - ‘. Since n < 2k + 2kP1 + 1, supp(r,) c sul~p$~~) and 
o2 is a 2k-1 -cycle. ~~ normalizes (g2). By Lemma 8 (l), rf = c;2k-2 
where u is odd and z:~‘= o;2ke’ where v is odd. Since g2 has order 2k-1, 
d-2 02 =cT2 Vzk7 and so r2km2 = o U2km2. This contradicts that (a, r) has order 
22kP ‘, and so we conclude that c2 has order less than 2k-1. 
Suppose 1 (TV)] < 2k ~ ‘. Then ~~~~~ = rfkm2 = &-2, and we have a con- 
tradiction as above. Thus z2 must be a 2k ~ l-cycle. Since n < 2k + 2k ~ ’ + 1 
and supp(z,) = supp(a,), supp(a,) c supp(t,), and so 22 normalizes (a2). 
By Lemma 8 (3), o2 must be a 2kP l-cycle, contrary to what we have shown 
above. Thus Case 2a cannot occur. 
Case 2b. z has order 2ke’. 
Since (a,~) has order 22kP1, (o)n(T)={l}. Let r=rlr2, where T, 
and z2 are disjoint and r, is the unique 2kP l-cycle appearing in the cycle 
decomposition of r. 
Suppose supp(a,) n supp(ri) = 0. Then supp(r,) c supp(a,) and 
supp(o,) c supp(z,). Since z2 is disjoint from o2 and z normalizes (a,), r, 
normalizes oz. By Lemma 8 (3), g2 is a 2kP l-cycle. By Lemma 8 (4), 
-I= 
Tlc72Tl a:* for some integer b. Let rrr- ’ = &. Then j E 56 mod 2kP i. 
Since k > 3, j = 1 mod 4. But the automorphism group of (a) is generated 
by the automorphisms sending o to 6’ and c to 05, so we must have 
j= 5’ mod 2k for some c. But then T~o,T;’ = CJ:‘. By Lemma 8(5), r2 is a 
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2k-cycle, a contradiction. This argument and Lemma 8 (2) show that the 
support of any 2kP’-cycle appearing in the cycle decomposition of r is a 
subset of supp( U, ). 
By Lemma S(2), we may write r in the form ~6, where supp(y) c 
supp(a,) and supp(b) n supp(a,) = @. Then y normalizes (or) and, by the 
above, y has order 2ke1 and 6 has order less than 2k- ‘. By Lemma 8 (l), 
Y 2km2 E (0, ), and so yZkm2 = gfk-‘. But then rZkm2 = y2k-2 = Cam-’ since rr2 has 
order at most 2kP1. This contradiction establishes item (4). 
(5) Assume that n<2k+l, so n-2=2kP1+2kP2+ ... +2+a, where 
E = 0 or 1. In particular, S, ~ 2 has an abelian meta-cyclic subgroup of order 
2kP1 .2k-2 = 22k-3. To complete the proof of Theorem 9, it thus suffices to 
prove that A, does not contain a meta-cyclic subgroup of order 22k-2. 
Assume by way of contradiction that A, contains a meta-cyclic subgroup 
(G, T ) of order 22k ~ ‘, where t normalizes (a). Since n = 2k or 2k + 1 the 
maximal order of a 2-element in A, is 2k ~ ‘. Thus both a and t have order 
2kP1and(a)n(r)={l}.L t - e a a, a2, where a, and a2 are disjoint and 
ai is a 2k-‘-cycle, and let r=rrrT, where r, and t2 are disjoint and r1 is 
a2 k - l-cycle. 
Case 1. i(a2)i<2kP2 and supp(ai)nsupp(ri)=@. 
t normalizes each of (al ) and (a*). Since n 6 2k + 1, supp(a,) c 
supp(r,) and supp(a,)nsupp(r,)= 0. Thus ri normalizes (a,), and so 
by Lemma 8 (3), a2 is a 2kP l-cycle, a contradiction. 
Case 2. i(a1)i<2kP2 and supp(ai)nsupp(r,)#@. 
By Lemma 8(2), supp(ai) = supp(r,). Thus supp(r,) n supp(a,) = 0. If 
r2 is a 2k- l-cycle, then we could replace ri by r2 and obtain a contra- 
diction by Case 1. Thus r2 has order less than 2kP ‘. Since r normalizes 
(ai) and supp~~~]nsupl$a,)=@, ri normalizes (a,). By Lemma8(1), 
gk-2 = p2 = 
a1 = a*“- , a contradiction. Thus neither Case 1 nor Case 2 
occurs, and so a2 must be a 2k - l-cycle. 
Let rarr’=a’. Then (rairP1)(raZrP1)=a;ai. 
Case 3. rair-’ = ai and Ta2Te’ = a;. 
In this case r* normalizes each of (ai ) and ( a2). By Lemma 8 (2), the 
support of any cycle appearing in r2 is either disjoint from supp(a,} or is 
a subset of supp(a, ). It follows that we can write r2 in the form r2 = y iy2, 
where supp(yi) c supp(ai) for j = 1,2. Since r2 has order 2kP2, at least one 
oik~,, or y2 has order 2kP2. Suppose JJ~ has order 2k-2. By Lemma 8(l), 
yl =a1 2km2. It follows that the cycle decomposition of r2k-2=yfkm3~$k-3 
contains a product of 2k-2 disjoint transpositions, each of which has 
support contained in supp(a,). But ra,r-‘=ai and ra2r-r=ai, so 
each cycle appearing in the cycle decomposition of r has the form 
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(a,, b,, u2, b2, . ..). where the {ai} are in supp(a,) and the {bi} are in 
supp(a,). Since rfkm2 can contribute only 2k ~ 3 transpositions with support 
contained in supp(o,), it follows that r2 is also a 2kP ‘-cycle of this form. 
By Lemma 8(l), yfkm3 = afkmz for j= 1, 2, and so Zig-* = a2kmZ, a contra- 
diction. 
By Lemma 8(2), supp(r,) c supp(~,) or supp(z,) n supp(o,) = a. If 
supp(r,) n supp(o,) = @ then supp(z,) c supp(a,), so we may assume that 
supp(z,) c supp(a,). Then supp(t,) c supp(a,) since n < 2k + 1. Since ~~ 
normalizes (or), i= 5’mod 2kP’ by Lemma S(4). By Lemma S(5), r2 
must be a 2kP ‘-cycle. But then by Lemma 8 (l), rjk-’ = CJ~?~-’ for j = 1,2 
and so 22km2= oZkm2, a contradiction. This completes the proof of 
Theorem 9. 1 
We remark that, in the context of Theorem 9, maximal with respect to 
order is not the same thing as maximal with respect to inclusion. If n = 8, 
then the group of order 8 generated by (1 2 3 4) and (5 6) in S, is maximal 
with respect to inclusion (among meta-cyclic 2-groups), but not with 
respect to order. Of course similar examples can be constructed for larger 
values of n, and for odd primes p as well as for p = 2. 
6. GENERALIZED Q-ADMISSIBILITY OF ALTERNATING GROUPS 
In this section we determine an inlinite family of alternating groups 
which are generalized Q-admissible iminitely often. 
THEOREM 10. Let n be an integer 28. Then A,, is generalized 
Q-admissible if n satisfied either of the following conditions: 
(1) nisodd,n#q”whereqisprimeandu>l,andn-1 isnotofthe 
form 2r’ where r is prime, or 
(2) n is even, n not of the form 2r’ where r is an odd prime, and 
n- 1 #q” where q is prime and u> 1. 
Proof Let n be as in (1) or (2). By Theorem 9, for every prime p such 
that mc,(A,) > p, there is a meta-cyclic subgroups A$ of S,-, of order 
mc,(A,). Fix an A$, for each such prime p. By [ 151 there exist, for each 
such prime p, inlmitely many rational primes q such that A$ occurs as a 
Galois group over Q,. For each such prime p < n - 2 choose two primes rcP 
such that A$, occurs as a Galois group over Q,+. We choose these primes 
so that no rcP equals any rcy for p #q. 
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Suppose lirst that n is odd. Let y be a prime of Q, y not equal to any 
of the rrp, such that y E 1 mod n- 1. Let X”--X= (X2- l)g(X) in Q,[X]. 
Since y E 1 mod n - 1, g(X) splits completely in Q,. By [ 13, Theorem 5.81, 
s n-2 has a generic Galois extension over Q. It follows that there exists 
f(X) E Q [X] of degree H - 2 such that: for each prime p the local Galois 
group off(X) at rrcp equals A$, and f(X) is sufficiently close to g(X) mod y 
to guarantee that f(X) splits completely in Q y ; this is possible by Krasner’s 
lemma [13, Lemma 5.51 and the Chinese remainder theorem. Let 
d= d(f(X)). Since f(X) splits completely in Qp,, d is a square mod y. Let 
FEZ be such that d-s*mody, and let rngZ be such that rn=~~‘rnod~. 
Let P(X)= (X2-m*d)f(X). Then d(P(X)) - 1 and P(X) is H-general 
since P(X) E X” - Xmod y [ 11, Proposition 41. By Theorem 3 we conclude 
that A, is generalized Q-admissible inlinitely often. 
The proof for n even is quite similar to the proof for n odd, so we will 
indicate only the differences. We choose y to be a prime of Q, y not equal 
to any of the rep, such that y z 1 mod n. Let X” + i - X= X(X’ - 1) g(X) in 
Q,[X]. We now determine f(X), d, and m exactly as above and set 
P(X)=X(X*-m2d)f(X). Then A(P(X)) - 1 and P(X) is H-general since 
P(x)a-n+l - X mod y [ 111. This completes the proof. 1 
We conclude our discussion by showing that A,, the smallest alternating 
group not handled by the theorem above, is generalized Q-admissible 
inlinitely often. 
THEOREM 11. A, is generalized Q-admissible infinitely often. 
Proof By Theorem 9, mc,(A,) = 8 and mc,(A,) = 27. We consider the 
polynomialf(X, t, U) = X9 + 27tX’ + 27tu*, where t and ZJ are integers to be 
specified later. Suppose u is divisible by two primes p E 3 mod 4 to the lirst 
power which do not divide t. Then by Lemma 5, the local Galois group of 
f(X) at these primes has order divisible by 8. If t is divisible by two primes 
q E 4 mod 9 to the first power which do not divide U, then by Lemma 5 the 
local Galois group off(X) at these primes has order divisible by 27. It is 
easily verified that d(f(X) - 1 if t4 = 2ab and ~=2’*3~(a*- b*) for 
rationals a, b. We choose a = 8 and b = (13 67)4. This forces t = 2.13 .67 
and u = -212. 34. (47)* .4703.55399.316241.606643. We note that 13 
and 67 are congruent to 4 mod 9 and 4703 and 55399 are congruent to 
3 mod 4. We let P(X) = f(X, t, U) for these values of t and U. P(X) is 
irreducible mod 11 and 
P(X)=(X+9)(X3+5X2+ 17X+29) 
x (A” + 9X4 + 24X3 + 37X2 + 17X+ 26) mod 53. 
By [S, Theorem 4.371 it follows that the Galois group of P(X) over Q 
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contains a 9-cycle and a product of a 3-cycle and a Scycle. This implies 
that the Galois group of P(X) is transitive and primitive. By Jordan’s 
theorem [ 17, Theorem 13.31, P(X) has Galois group A, over CI. It follows 
that A, is generalized @admissible. 
To show that A,, is generalized C&admissible infinitely often it suffices, by 
Theorem 3, to prove that P(X) is H-general. We verify this by working 
mod 11. The linear system determined by 
PV(X)R(A-)-2P'(X)R'(X)~O mod P(X) 
has a one dimensional space of solutions mod 11 generated by 
The unique solution mod 11 to the system P(X) Q’(X) - P’(X) Q(X) = 
RI(X)2 is 
Q&Y)=10X*+4X4+4X3+8X2+4X+5. 
Q,(X) and RI(X) are relatively prime in Z/ll.Z[X]. Let FI(T, X)= 
P(X)- TQI(X)~Z’/llZIX]. Then A(F,(7’,X))=,S(T)2, where 
S(T)=3(T+8)(T+4)(T6+5T5+7T2+T+5). 
This shows that P(X) is H-general. 
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